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The work supported by this contract centered around the
development of finite element algorithms for the following
class of problems:

1. Transonic flow problems governed by the potential

equations

2. Moving boundary problems

3. Incompressible flow problems governed by the

Navier-Stokes equations.

work on the first problem

The first major result appeared in reference [1l] in the list
of papers published during the contract. This paper contains a
new variational formulation of transonic flow problems as well
as calculations from sample flow problems. These numerical
examples indicated that the method yielded second order accuracy
in the velocity field if linear elements were used. Further
refinement of the algorithm was introduced in reference [4] where a
reformulation of the basic variational principle was developed
using least square ideas., Sample numerical experiments indicated
that it retained the optimal accuracy yet required the inversion of
a far simpliermatrix in order to compute the fluid velocity field.
Subsequent work involved mathematical analysis of these methods
in order to determine when optimal accuracy can be expected and
to find other strong and weak points of the methods. This work

was reported in references [4] -~ (8], [12] - {14]. It was found




that if a "dash pot" treatment of shocks was used, then second
order accuracy could be achieved in general. Moreover, the
algebraic system could be solved with roughly the same amount

of arithmetic operations as the first order finite difference
schemes in current use, Thus from the point of view of numerical
analysis, these methods introduce an order of magnitute increase
in efficiency over existing methods.

The major drawback of the methods is that they are extremely
hard to program, This may be a prohibitive limitation to small
research groups with limited computational equipment and limited
experience with finite element methods. However, larger groups
with experience with finite element methods should be able to
capture the order of magnitude increase in efficiency provided by

these new methods.

work on the third problem

During the analysis of the new methods introduced for transonic
flow problemsit became clear that these results applied also to the
standard and widely used finite element approximations to other
flow problems., The most interesting result in this regard concerns
the Navier-Stokes equations. Our analysis indicated that if one
used arbitrary finite element spaces in the approximation, then
instabilities could arise. Only select spaces will work, and
conditions are given with which the suitability of a particular
space can be checked, This in part explains the wide divergence

of opinion concerning the suitability of finite elements for flow




problems. The fact that a given finite element would work with
a particular finite element space, and not with a closely related
one was not anticipated from the use of the method for problems in

so0lid mechanics,

Work on the second problem

This was work done in the last ‘part of the contract and was
reported in references [6] and [17) with the latter being the
more important paper. The object was to construct numerical
algorithms capable of dealing with two phase-problems where effects
of ,supefcooling (or superheating) were present, The enthalpy
method widely used for Stefan problems is not directly applicable
here since the enthalpy in effect becomes multivalued in regions
of supercooling. To avoid these problems an alternate phase
field model is introduced where the phase is an independent variable
satisfying a nonlinear parabolic partial differential equation,
Pilot numerical experiments indicated that the method had some
promise, yet several computational problems need to be resolved,
the most important of which is the fact that the equation for the
phase is much stiffer than the diffusion equation for the tempera-
ture field. Thus different grids with varying length scales are
reguired for the temperatures and phase, Intuition has suggested
some reasonable choices, however a thorough analysis is required

before a truly practical algorithm will result,
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